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Nonlinear Evolution Equations and /' Theorems
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We prove a structure theorem for evolution equations in the state space of a
discrete classical system fulfilling a class of H theorems. These H theorems are
proved to give strong implications on the time behavior of the solutions. All the
results are demonstrated by examples (Boltzmann-like equations, for example).
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1. INTRODUCTION

The dissipative time development of a physical system is often indicated by
the monotone behavior of certain state functionals. The most famous
example is the Boltzmann equation with Boltzmann’s H theorem.(®)

In the following we consider classical systems with finitely many (pure)
states / (i=1,...,n). A (mixed) state is an n-dimensional probability
vector p, i.e., p=(py, ..., p,) with p, > 0 for all i and 37_,p, = 1.

The set of all probability vectors (or states) will be called the srate
space P,. The interior of the state space is formed by the strictly positive
states (i.e., all components of such a state p are positive—briefly, p > 0). All
remaining states belong to the boundary.

We describe the time development by a trajectory in the state space P,.
This means that we have a map, which determines a state p(¢) for every
instant of time ¢ > 0 [p(0) will be called the initial state]. As a special case
we have that the time development is given by a system of ordinary
differential equations. Differential equations will be called evolution equa-

tions in the state space P, or P, -invariant evolution equations, when every
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solution which starts with initial value from the state space P, can be
extended to all times ¢ > 0 and never leave the state space P,.

Important examples of evolution equations in the state space are
Pauli’s master equation’® and the Boltzmann-like equations (B equations).
The latter are equations of the following structure:

(d/dt)pz = kz] I(Al'jklpkpl - Ak!{‘]’Pin)’ l= 1, ey n (1)
Sk =

with the conditions for the scheme of the A;,,’s

Ay = Ajyg = Ay > 0, forall i, j, k,1 (2)
n
,ZIAW: 1, forallk,! (3)
ij=

Every solution of a B equation with initial value p(0) € P, can be extended
to a global solution defined for all times ¢ (0 < ¢ < o0) and never leave the
state space P,.("

Already Boltzmann'” studied equations of such a type as discrete
version of his spatially homogeneous equation. The coarse-grained descrip-
tion with the p’s and 4,,,’s originates, for instance, from integration of the
distribution function and the interaction kernel, respectively, over the
corresponding cells in the velocity space. We interpret A, as transition
probability per unit time of a pair of particles from cells &,/ to be scattered
into cells i, ;.

Then, following Boltzmann,!” the discrete version of the H functional
is

H(p)= > plogp;
i=1

Let us now consider the structure of H(p). One notices that

n

H(p)= 2 (1/mg(p/(1/n)) — logn

i=1
when g(s) represents the convex function slogs. This functional will be
generalized in various aspects:

Definition 1.1 (relative H functionals). Let g be an arbitrary convex
function (defined on R, ) and p, q be states. Then we define

S,(p;q) := Z 9:8(p:/ 4)

Remark. By specializing the reference state as q=(1/n, ..., 1/n)
and in choosing g(s) = slogs, we arrive at H again (up to a constant).
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Now we formulate relative H theorems.

Definition 1.2 (relative H theorems). We say that the q-relative H
theorems are fulfilled for a trajectory (p(?)),, in the state space P, if and
only if for any convex function g

Sg(p(t);q) < Sg(p(t’); q) when r>/¢, q€P,

With respect to this definition we may now raise the following ques-
tion: Under what conditions are the g-relative H theorems fulfilled for
every state solution of a B equation? Examples and conditions where this
fact happens to be true have been provided only very recently.(*'?

In the case of the master equation corresponding results have been
well known for a long time.(!*1617)

Remark 1. The relative H theorems are valid also for a continuous
mode] of the full Boltzmann equation—the Carleman model.('®

Remark 2. The H theorems imply (more precisely: are equivalent to)
the monotone behavior for a/l convex functionals over P,.>) Particularly,
this applies to the a entropies and so we get their monotone behavior. Some
authors' investigate this special class of functionals for B equations.

The aim of our investigation is more general: we characterize those
P, -invariant evolution equations the state solution of which fulfil the
relative H theorems. Then, as we shall prove, this fact gives strong implica-
tions as to the behavior of the solutions in the large scale (asymptotic
behavior, etc.).

Some notions (e.g., stochastic matrix, stochastic generator) are ex-
plained in the Appendix.

2. EVOLUTION EQUATIONS IN THE STATE SPACE AND
RELATIVE H THEOREMS: A STRUCTURE THEOREM

We suppose that the system of ordinary differential equations
(d/dt)p = v(p) 4)
is an evolution equation in the state space P,. For simplicity we suppose
further that the vector field v: R” 2 p—v(p) € R" is continuously differen-
tiable.
Now we raise the following question: Which structure has the vector
field v(p) for p € P,, when all solutions of (4) which start in P, (and for an

evolution equation in the state space also remain there) obey the g-relative
H theorems for a strictly positve state q?
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Roughly speaking, the following theorem says, that for such P,-
invariant evolution equations (4) fulfilling the gq-relative H theorems the
vector field v(p) for p € P, is almost everywhere given by a state-dependent
stochastic generator L(p):

v(p)=L(p)p and L(p)q=0

It is useful to remember (see also the Appendix) that an equation (d/dt)p
= Lp with a (constant) stochastic generator L is a master equation, i.e., a
special evolution equation in the state space P, which fulfils the g-relative
H theorems for all state solutions with respect to a stationary state q (i.e.,
Lq=10).

Theorem 2.1. Suppose v is a vector field of an evolution equation in
the state space P,. All solutions of this equation which start in the state
space P, fulfil the g-relative H theorems (q > 0) if and only if there exists
an open, dense subset S of P, and a map L: S 3 p— L(p) from S into the
real n X n matrices with the properties:

(1) L(p) is a stochastic generator (5)
(i) L(p)g=0 (6)
(iii) v(p) = L(p)p forall pe S

For the proof we need some more technical results.

Lemma 2.1. Suppose L is a stochastic generator on R" with Lq=10
and q > 0. Then, for every convex, differentiable function f on R, we have

21 (Lp),f'(pi/q) <0 forall peP, (7
j=
where f’ indicates the derivative of f.

Proof. A differentiable f (at x = 0 differentiable from the right) on

R, is convex iff
(t—=9)f' (1) = f(1) — f(5) forall ,sE R, (8)
We may be content with showing (7) for L with |L,| <1 for all i,k (for

A >0, AL is a stochastic generator, too). Then there is a stochastic matrix B
such that

L=-1+ B, Bq=gq o

where 1 denotes the matrix (8;). We define ¢, = ¢, 'B;. g, for all i, k, and
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we get

cp >0 Yik; Dex=1 Vi (10)
k=

21 9:Cik= Gx Vk (11)

Now our conclusions run along the following line:

Z Lipf'(pi/ 4)

ij=1

,zlqi{cij(Pj/qj) = 8;(p/9)} (i) 9)
ij=

Zq{ 2 (1/9) = (p,-/q,»)}f’(pf/q,-) [by (8) and p, > 0]

< ﬁ:l q,-{ [ é ,,(}y/qj)} —f(pi/qf)} [by convexity and (10) ]
o =

< 2 q{ 21 il (7;/ 9) —f(p,»/ql-)} [by (11)]
i=1 j=

< En: qu(pj/‘]j) - ilqu(l’i/qz‘) =0 W
j=1 i=

Lemma 2.2. Let { L™} be a sequence of stochastic generators over
R". Assume L™ )q 0 for all m (q > 0), and suppose p > 0 is given such
that A = (A, ..., A, with ?\ =p / g; is a nondegenerated vector, i.e., A, # }\
Vi+j. Then supm||L('”)p|| < o0 1mpl1es sup,, || L™ < oo, where |- H
means an appropriate norm in the Euclidean R".

Proof. For convenience we may assume A, > A, > --- > A, >0
We define n X n matrices 4™ = (4Y™) by AY™ = L{"q,, and we obtain

AP S0 Viek S AP=0 VK Z A=0 Vi
i=1
(12)
Lp=4CX  forallm (13)

We are going to show that if
sup[df™|< oo for j>k
m
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then
SLI;p]Ajg.’")K w0, jrk-1 (14)
In fact, in assuming supm]Aj§m)j < o0, j > k, we obtain from (12)
suplA(”’)|< 00, suplA-(S’”)K w, j>k Vs (15)
From (12) we know A{™, ;= ~3,_ A" ;, so by means of (13) we

get
(L"), = zk: lAl(c@UO‘ Meop) + 2 Afgm)xf(}‘j“}‘k—ﬂ (16)
J<k—

k=

Owing to (12), (15), and positivity of }\j ~ A, for j <k —1, the second
part of the right-hand side of (16) is uniformly bounded, whereas the first
part is nonnegative. But then, owing to sup,,[(L{"p),_,| < oo also the first
part of the right-hand side of (16) remains bounded. Once more inserting
positivity of A, —A,_, for j <k —1 we may conclude that sup,,| 4™, A
< oo for j< k-1 From (12) and sup,|Af™, | <o for j>k—1 1t
follows that sup,,|4{™, _1| < o0, so the implication (14) is seen to be true.
Now, (L"p), =3, A5} —A,), and A, —A, >0 for j < n. This, to-
gether with sup,, || L p|| < co and (12) 1mp11es supmlA("’)l < o0, j < n, and
once more again making use of (12) we obtain supm]A,(,;”)l < o0. In applying
implication (14) successively (starting with £ = n in (14)) we then arrive at
sup,,|4§™| < o0 Vj, from which the result sup,,|4{™| < oo Vj,k follows by
means of (12). By definition of A4 this is equlvalent with sup,,|L (”’)[ < o0
Vi k. R

Lemma 2.3. Let p’,p”, q be probability vectors, ¢ > 0. If

Sy 9) < S(p"3 9)
holds for any continuous, convex f on R, , there exists a stochastic #n X
matrix T with
Tp”=p and Tg=gq
Moreover, if there is a stochastic matrix T such that Tq = q and Tp” =p’,
then

Sp(psq) < S;(p"; q)
1s satisfied for any convex fon R,

Proof. The first part of our assertion is far from being trivial
Therefore, we omit a proof and refer in this respect to Refs. 3, 5, and 15. To
see S{(Tp";q) < S{p”; q) for any convex fon R, , we define 4 = (A4,,) by

= 4k lkql l' Then Pz/ql‘(TP”) /ql Zk lAlk(Pk /qk)7 and if we
make use of A4, >0, 3%_ 4, =1 (this being a consequence of Tq = q),
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stochasticity of T and convexity of f, the following conclusion is an obvious
one:

SH(Tp"; q) = E a.f(pi/ 9) Z qf[ Z Ay (PY qk)}

=1

n

<3y [ S Al (k] q»} = 3 ( S aul /00

é af(Pe/ a) = S;(p"; @)-

This proves the second part of Lemma 2.3. W
Let us now come to the proof of our theorem.

Proof of Theorem 2.1. Assume there is some open, dense set
S C P,, and there exists a map acting from § into » X n matrices with
properties (i)—(iii) from the theorem. Let 0 < #—>p(7) be a solution of (4)
with p(0) € P,. Fix ¢, > 0. For every continuous differentiable convex f we

have
n

(/)8 (p(1); i1 = 2 (p(10))f (i(10)/ ) (17
Suppose {p"™} C S with lim, p"™ = p(¢,). Then, as a consequence of (17)
we get

(d/d)S;(p():q)|,_ = Jlim (/S (0" (:q)],_, (18)

m—>

where 0 < 1— p'”™(f) means the solution of (4) with initial value p("(0)
=p"™. Since p'™ € S, it follows from property (iii) that v(p™) = L(p‘™)
p'™. Inserting this into (18) and applying Lemma 2.1—the use of which is
Jjustified by (5), (6)—we arrive at

n

(d/dt)S;(P(): @)limr, = Jim Z (L), F (7" g) <0

The latter has to hold for any 7, >0 and for every p(0) € P,, with f
arbitrary chosen from the continuously differentiable, convex functions.
Hence

Se(p(1);q) < S;(p(s); q) forall t>s5>0 (19)

for all p(0) € P,, and any continuously differentiable convex f. Since any
continuous, convex f can be uniformly approximated by continuously
differentiable, convex functions on every finite interval, the inequality (19)
persists to hold for continuous, convex functions on R, . Finally (by
Lemma 2.3), we see that (19) extends to all convex functions on R, . Thus,
sufficiency is proven.
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Now we prove the other direction.
Let a set S be defined by

S ={x€ P, (x/q) #(x/ qi)-J # K}
This set S is (relatively) open and dense within P,. Fix p € S, but arbitrary.
We consider the solution 0 < t—>p(f) of (4) for p(0) =p. Let {7,,} be a
strictly decreasing sequence of nonnegative reals, with lim,,7, = 0. Then,

Si(p(%,,); @ < Si(p; @) for all m and for any convex f on R, . According to
Lemma 2.3, we find stochastic matrices B such that

p(z,) = B""p, BMqg=q, for all m.

Hence ¢, '(p(t,)—p)=1, (B —1)p= L p, where L™ :=
t- (B —1) is a stochastic generator with L") q=0. Since #, >0, we
have

v(p) = (d/d)p|,—o= lim L™p.

m—>o0

This is only possible if sup,, || L{™p|| < 0.

Since p € S, Lemma 2.2 becomes applicable, hence sup,,|| L™ || < 0.
Therefore, we find a convergent subsequence (L"), L™ — L(p). Obyvi-
ously L(p)q =0, and L(p) is a stochastic generator with o(p) = L(p)p. Since
p € S was arbitrarily chosen, necessity is proven. W

3. RELATIVE H THEOREMS: THE ASYMPTOTIC BEHAVIOR
OF TRAJECTORIES

Let 0 < t—>p(t) € P, be a continuous trajectory in the state space (at
t = 0 continuous from the right). We write briefly (p(¢)), . Now, let q € P,
be a fixed, strictly positive vector (q > 0).

Then, we say (Definition 2.1) that the g-relative H theorems are
fulfilled for the trajectory (p(1)),50, When S,(p(7); @) < S,(p(s); @) for any
convex function g defined on R, and forallz > 5 > 0.

The main result of this section will be to show that trajectories in the
state space satisfying q relative H theorems behave very regularly for
t—> 0.

Theorem 3.1.  Let (p(9)),0 be a trajectory in the state space satisfy-
ing the g-relative H theorems (q > 0). Then (i) p., = lim,_, , p(¢) exists; and
(i) p(0) > 0 implies p(¢) > 0 for all ¢ > 0 and p_, > 0 (strict positivity!).

Proof. We show (i). Let Q(p) be the w-limit set of (p(¢)),0, Le.,

n—>o0

Q)= (P ER" 11, << oo, lim 6, =00, lim p(z,) =’

Since P, is compact, and (p(?)),, C P,, we may refer to a basic result from
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topological dynamics!'" which applies to our situation with the result

§2(p) is a nonvoid, compact, and connected subset of P, . (20)

Now, we show (with special relative H functionals) that Q(p) can only be a
one-point set.
Let 8 > 0 be a real. We define a continuous, convex function f by

fo(x)=(1/2)(x—= B+ |x—B]) forall xR,
The corresponding S, functional reads as
S, (p(1);q) = lI(p(1) — Bg) I, VB>0, Vi>0 21

where a, fora € R" is defined by a, =3, 4;, and ||a]|, means >i-ilal,
the L' norm of the vector a.
By the assumption of Theorem 3.1, for any p’ € {i(p) we have

lim S (p(1):9) = S5, (0" @) (22)
In fact S, (p; ¢) depends continuously on p; hence
Jim Sy, (p(1,);0) = S;, (p3q),  for p EX(p),
Jim p(r,) =9, limi,= oo
since S, (n(1); q) decreases in time, (22) follows.

Taking into account (21), with regard to (22) we may draw the
following conclusion:

vp,p  €Q(p):  II(p — Ba), L=l — Bl VB>0 (23)

Let us define G(B):=|(p’— Ba).|l,, p’ € p). Then, G(B) is monoto-
nously decreasing for 8 increasing. One also easily verifies that G(8) is a

piecewise linear function, with at most # corners, say, m, at 8, ..., B,
> 0. Suppose p’,p” € Q(p). Obviously we may decompose {1, ..., n} into
m mutually disjoint, nonvoid subsets Kj’ (Kj”, respectively), j =1, ..., m,
such that

Pl =B forall i€K/, p’'=pByq foral jeK’ (24)

and s < m.
If we now think of p” as being fixed for the moment, we obtain from
(24) that

P =(pl/9)g=(9/9)p, forany jEK', i€K], Vs (25)

has to hold for every p” and the corresponding decomposition (K/), <m:

Now, there are only finitely many possibilities for decomposing the set
{1, ..., n} into m disjoint, nonvoid subsets. Hence, there is only a finite
number of p” which can obey equations (25). Thus Q(p) has finitely many
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elements. This is consistent with (20) if and only if £(p) is a one-point set:
Q(p) = {p,}- The relation lim,_, p(¢) = p,,., i.e., (i) follows then since we
are working in a compact set P,.

We show (ii). Assuming ¢, < ¢; < g, for all j, and defining p, := p;(0)
> ¢ >0 for all i, we are claiming that p,(r) > (¢,/g,)e for all i and for all
t > 0. In order to see (26) we suppose—in contradiction with (26)—that an
index i and an instant ¢ > 0 exist such that p,(#) < (g,/4,)e. Then, it is easy
to construct a nonnegative, convex, and monotonously decreasing, continu-
ous function f on R, such that

flelg) =1 f(p(0/q1)=(2/9) (27)
For such f we would have
S;(p(1); @) = 2 4(p(1)/ ) (positivity of f)
Jj

> qf(p(1/4) > af(p()/q))  [by 27)]
>2q/q)>2>1=f(¢/q,)

ie.,

S;(p(1); 9) > f(€/ 4,) (28)

On the other hand, one may conclude also as follows:

S;(;9)= 2 ¢f(p/q)  (monotonicity of f, ¢, < g,)
J
<X 9P/ 4.) (monotonicity of f, p; > €)
J

<Sqf(</4) = f(¢/9,)
J

Le.,
S;(p(0); @) = S; (P Q) < f(</qn) (29)
Now, f is a convex function, and (p(?)),,, satisfies the q-relative H
theorems; hence
S:(p(2); q) < S;(p(0); q) < f(€/4,) [ by means of (29) |

This contradicts (28), so our supposition cannot be true. This proves (26).
By (i) we then have

= lim 1) > 0/ 0

i.e., py, is strictly positive. W
Up to now (in this section) we have been talking only about trajecto-
ries in the state space. Now, we investigate the case that we have an
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evolution equation in the state space (4) all solutions of which obey the
g-relative H theorems. From Theorem 3.1 then follows:

Proposition 3.1. Suppose we have an evolution equation in the state
space (4) all solutions of which (starting in the state space) obey the
g-relative H theorems (q > 0). Then (i) every solution with p(0) € P,
converges towards a stationary state.

(ii) Every solution with strictly positive initial state does not intersect
the boundary of P, at any time (especially: the asymptotic stationary state
is strictly positive).

(iii) q is also a stationary state, and if q is the only strictly positive
stationary state of (4), every solution of (4) with strictly positive initial state
approaches q as ¢ goes to infinity.

Proof. From Theorem 3.1 we know that all state solutions converge
and do not intersect the boundary of P,, when they start in the interior
of P,.

We show that the asymptotic states are stationary states. Suppose for a
moment v,(p,,) > 0 for an index i. By continuity of v, there is'a § > 0, and
t(8) > 0, such that v,(p(#)) > & for all ¢ > #(8), hence (d/dt)p,(t) > 6 >0
for all ¢ > #(8) contradicting the fact that p,(¢) has to be bounded with
respect to z. Therefore, v,(p,,) < 0 for all i. If v;(p,) <O for some i, we
conclude p; <0 (with similar arguments as above), a contradiction to
positivity preservation of (4). Hence, v(p,) =0 has to hold, ie., p, is a
stationary state.

Now to (iii). That q is a stationary state of (4) follows if we look on the
behavior of S (q(#); q) with convex f(s) = |s — 1|, where 0 < 1 >q(?) is the
solution of (4) with q(0) = q. Indeed, for such f, S{q(2); Q) = [lq(») — ql|;
and S/(q(1); @) < S;(q;q) =0 then implies g(¢) = q for all 7 > 0. Hence,
4., = q. The rest of the assertion is evident. W

Because of stability properties the reference state q plays an exposed
role among all stationary states.

Proposition 3.2. Suppose we have an evolution equation in the state
space (4) all solutions of which (starting in P,) obey the gq-relative H
theorems (q > 0). Assume there exist only finitely many strictly positive
stationary state of this equation. Then, q is asymptotically stable and the
only stable stationary state in P,.

Remark. Of course, we define the notions “stable” and “asymp-
totically stable” only in restriction to the state space P,,.

Further, it is useful to compare our Proposition 3.2 with the method of
Lyapunov functionals in stability theory.
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Proof. Take the convex function f(s)=(s—1)*. Then, S (s Q)
=3.q7'(p; — g)* Define M as the set of stationary states of (4) (m P)
which are different from q. Since q is not a limit point of M, we have
e=infyc,S{q;q) >0.Let Ubegivenas U= {pe P,: Si(p;q) < €}. U'is
a neighborhood of q in P,. Assume p&€ U, and lim,, p{(t)=p, (cf.
Proposition 3.1)—where p(7) is the solution of (4) for p(0) = p. Then, p_, is a
stationary state, and

Si(Pos Q) < Sf(p(O); q) <e ie, p,&M
Hence p, = q.
If || - |Il, denotes the L? norm in R", we see
(m;xq,) I~ qll3 < S;(p; ) < (ming) 'lp — qli3

Therefore, S/(p(7); @) < Sy(p(0); @) for all £ > 0 implies ||p(7) — qf|, < § for
all ¢t > 0 whenever

ip(0) —qll, < S(ml_inqi/ mj'é‘X‘]j)]/z

Thus, q is an asymptotic stable state.
Let ¢ € M, and suppose 0 < 9 <1, p® = (1 — 9)q + 9q. For suffi-
ciently small 4 we have

p’ & (boundary of P,), p’ @& M, and |p’—ql,=dlq—q, (30)

Since Sf()\; q) is convex in A € P, we have

S(p”;q) <(1—9)S;(q59) + #Sy(a;:q) = (1 — #)S;(q39) + 0
< S(q5q) 70

If 0 < t—>p?(¢) is the solution of (4) for p®(0) = p’, the just-derived esti-
mate and Proposition 3.1 result in the following: If lim, , p®(¢) = p°,, then

f(pw, Q) < S(q’;9). Hence p’ #q. Owing to Proposition 3.1 p® &
(boundary of P,) implies p’. & (boundary of P,), and we may conclude that
(M":=M U {q})

. ’ : i 2| =
lim |ip’(r) — ¢l > inf lg' = q*l,=m >0
t—>00 ql¢q2
q' € M’\(boundary P,)
PeM

holds for any & €(0,1) which is sufficiently small. At the same time,
limy_olip® — q'|l, = 0 by (30). Thus q' cannot be stable, i.c., q is the only
stable state of (4)in P,. W
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4. A CLASS OF VECTOR FIELDS

Up to now, we always supposed that we had an evolution equation in
the state space P,. Then we obtained further results about asymptotic
behavior, etc., when the relative H theorems are fulfilled.

Now, we specify a class of vector fields. It will be shown that these
vector fields—which we call vector fields of class (E)—automatically give
evolution equations in the state space.

Definition 4.1 [vector fields of class (E)]. v is a vector fields of class
(E) if v(p) = L(p)p for pE€ R” and L :p— L(p) is a continuously differen-
tiable map from R” into the real n X n matrices fulfilling (i) >, L(p),, =0
for all k, p € R"(!); and (ii) L(p) is a stochastic generator wheneverp € P,.

Remark. 1f p— L'(p) is a continuously differentiable map from P,
into the n X n-stochastic generators one can always extend this map L’ to
L :p—> L(p) over R" with property (i) (with a reflection method).

Later we prove the following:

Proposition 4.1. Every vector field of class (E) gives an evolution
equation in the state space.

With help of Proposition 4.1, the structure Theorem 2.1 (take S = P,))
and the Propositions 3.1 and 3.2 we get the following.

Theorem 4.1. Let v be a vector fields of class (E) which fulfils the
additional condition L(p)q=0forq>0andpeE P,.

Then, we obtain an evolution equation in the state space. Every
solution which starts from a state p € P, is a trajectory that satisfies the
g-relative H theorems. Every such solution converges in P, toward a
stationary state. A solution, arising from an inner point, does not intersect
the boundary of P, at any time and approaches an inner stationary point of
the equation.

q itself is a stationary state, and if v(x) =0 has only finitely many,
strictly positive solutions in P,, q is asymptotically stable and the only
stable stationary state in P,.

Now we come to the proof of Proposition 4.1. Firstly, we formulate the
following

Lemma 4.1. Let 1~ L(f) be a continuous map from R, into the
n X n-stochastic generators. For ¢,s E R, , ¢ > s, let a matrix T(z,s) be
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defined as

T(1,5)=1+ é}l fstL(sl)J;S‘L(sz) o fs%*zd(sm)afs1 ... ds,

where sy = 1.
Then, T(z,s) is a stochastic n X n matrix.

We shall not give a detailed proof of this useful fact, merely indicate
the essential steps of the argumentations showing the validity of the
assertion.

Firstly, one shows validity of an “inhomogeneous” Lie formula

T(t,s)= lim (1+((t=5)/N)L(ny)) -+~ (L+((2 = 5)/ N)L(my))

X1+ ((1=5)/N)L(s)) *)
where n i=s+ k((t —s/N), k=1,...,N.

We remark that such type of formula holds true also in much more
general situations [e.g., for strongly continuous families (L(¢)) of bounded
linear operators on Banach spaces]. Secondly, one notes that L(x) is
uniformly continuous on a finite interval [s, t}—then, there is N, such that
A+ (¢t —5)/N)L(x)) for all x €[s,t] is a stochastic mairix whenever
N > N,. From this and (*) then our assertion follows.

We are now showing the following:

(I) Let U C R" be an open set, with P, C U, and assume p— L(p)
yields a stochastic generator for all p € U. Then, the assertion of Proposi-
tion 4.1 is true.

Proof of (1). Owing to the usual extension principle for solutions in a
compact set (applied in forward direction to the boundary of the compact
set) it is sufficient to show that p(0) € boundary of P, implies p(¢) € P, for
all ¢ of a certain interval [0,7], 7 > 0. In line with this, let p(0) € boundary
of P,, and 0 < ¢r—>p(¢) a local solution of (d/df)p = L(p)p to initial data

p(0). There is 7 > 0 with p(¢) € U for all £ €[0,7]. Then, { L(p(?)} g0, IS @
continuous family of stochastic generators, and by Lemma 4.1

T =id+ 3 [Le(0) Lo [ LE) - b,

is a stochastic matrix for all ¢ € [0,7]. Since (d/dt)p(¥) = L(p(1))p(¢) for
t < 7, necessarily p(¢) = T(z,0)p(0), so p(¢) € P, within {0, 7].

Proof of Proposition 4.1. Define for A € R' a perturbation of our
stochastic generator L(p): L{(p,A\) = L(p) + A’M, where M is a stochastic
generator with M, == 0 Vi, k. Then, for fixed A 0, L(p,A) is in the set of
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stochastic generators whenever p varies through the open set
UM ={pER": = L(p), <N°My,i#k; L(p), < ~\°M, Vi}

Further, we have P, C U. Let A % 0. By (I) there exists a uniquely deter-
mined global solution 0 < > p(#,A) of (d/di)p= L(p,\)p to initial data
p® e P, with p(t,A) € P, for all 1 €[0,00). Owing to lim,_,L(p,A)
= L(p) by standard continuity argument we have for the local solution
0 < t—>p(r) of (d/dt)p = L(p)p to initial state p(0) € P,: p(r) = lim,_,p(z,
A), so p(7) € P, in a certain interval. The standard extension principle for
solutions then completes the proof. W

5. QUADRATIC SYSTEMS

In this part we want to illustrate all we have derived up to now by
some special systems.

We restrict our considerations to such vector fields v of class (E)
which depend quadratically on the variables, at least so far v is considered
in restriction to P,. This means that p— L(p) should be an affine map on
P,. Therefore, L(p)= L €)= Zpel(er) = > puLly, with e, =(l,
0,...,0),...,e,=(,...,0,1)and { L, }—a set of stochastic generators.

From Proposition 4.1 we know that such quadratic equations are
evolution equations in the state space. Suppose that L,q = 0 Yk, q > 0—we
can formulate the equivalent of Theorem 4.1.

Theorem 5.1. Let L, ..., L, be stochastic generators with L,q =0
for all &, q some fixed, strictly positive state.

(i) Then, (d/dtp =3 _ prLp 18 an evolution equation in the state
space. Every solution which evolves in P, satisfies the g-relative H theorems
and converges as ¢ tends to infinity (+ o).

() If (Z,L);#0 for all i, j, every solution which has strictly
positive initial condition tends towards q.

Proof. We have to show only part (ii). When we take into account
that L, ; > 0 Vi j, L, ; <0 Vi and in both cases for all k—the assertion
follows from the following fact:

Assume for any j,k there exists an index / such that L, ; + 0. Then

v(p) = 0 has exactly one strictly positive solution in P,: p = q.

We prove this assertion.

Take 0 <A <1 such that A <(1/max;;|L;;[). Then, B(p):=1+
A> PiLy is a stochastic matrix for p € P,, and

p>0=B(p),>0 for all j, & (310
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We may apply a standard result from the theory of Markov chains (see,
e.g., Refs. 9 and 12), saying that (31) implies B(p) to be ergodic for every
p € P,, strictly positive, i.e., lim,,_, . B(p)"p” = lim,,_, ., B(p)"p’ for all p’,p”
€P,.

Since L,q = 0, we have B(p)q = q. Hence, taking p” = q we obtain

lirﬁnB(p)"'p’ =q forall p &P, (32)

and for all p > 0.
Assume v(p) = 0, p > 0. Then, L(p)p =0, i.e., B(p)p = p. Thus, by (32)
and due top >0, p= B(p)p = lim,,B(p)"p=¢q. A

Example (B equations). Now, we can handle, e.g., the B equation (1)
from Section 1. Assume (A4,,) satisfies (2), (3).

Suppose B = (BY) is defined by B{®:= 3 4,,,, and there is q > 0,
q € P, such that

B®q=gq for all k (33)
We will refer to this condition as “mixing” with respect to q.

Proposition 5.1. A B equation with (2), (3) fulfilling the mixing
condition (33) with respect to a strictly positive state q is an evolution
equation in the state space. Every solution which starts with strictly positive
initial state fulfils the q-relative H theorems and tends to q for 1 — oo.

Proof. Because of (2), (3), B® is stochastic for every k. If we define
Lip):=3pBP —1=3,p(B® - 1)=3,p L, (pE P,), we sec that
L, is a stochastic generator obeying L,q = 0 for all & due to B¥'q = q for
all k.

Then, (1) reads as (d/dt)p =3, p.Lip. We show (3, L), 70 for
all 4,1

In contradiction with this, we suppose that (i, /) exist, with 3, L, , = 0.
Then, L, ,=0 for all k (L,’s are stochastic generators!). Hence, B}
=8, + L, ;= 0, for all k. Because of (2) we have B{® = B{", so BS"
= §, forall k. If i = I, B{” = 0 for all k, i.e., (B'”q), = 0, which contradicts
(33). W i=1, L,=0for all k, 50 3, L= —Ley=0, ie., since L, ;,
>0, j# 1, L ;=0 Vj, Vk. Therefore, B{* =8, + L, ;= 8, for all k. By
symmetry (2), B{? = 8, for all k. If j = I, BY" = 0 for all k, which leads to
the mentioned violation of (33) again. Therefore (3, L;), # 0 for all ;,/. All
these facts show that Theorem 5.1 is applicable, and the assertion follows.

[

Remark. The transition probability per unit time that the system
goes from state / to state i at time ¢ is given by p(i; /)(¢) = 3 B p. ().
Then, we would say that the process is mixing, when ¢, = lim, ,  p(i; /X))
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exists for all i, almost all initial states, and is independent of /. Suppose the
“mixing” condition (33) holds for the state q > 0. We already know that in
this case lim,_, ,p(¢) = q for p(0) > 0. Then follows

¢ = hm p(l (1) = EB,;“qk

(for all initial states from the interior of P,). So, the mixing behavior of the
process follows from the condition “mixing.” Of course, (33) is a restricting
condition—but for every strictly positive state q there exist B equations
fulfilling the g-relative H theorems"” and suggesting applications in reac-
tion kinetics, etc.

6. CONCLUDING REMARKS

The mixing condition for B equations or the condition L(p)q=0
Vp € R” for a vector field of class (E) guarantees that all state solutions
(starting in the interior of P,) fulfil the g-relative H theorems.

A first step into a more general situation without these additional
conditions—a situation which contains some of the known discrete velocity
gases (e.g., Broadwell model'®)—is the following:

We have a vector field, all solutions of which are simultaneously
solutions of (in general different) master equations.

It is known that a trajectory in the state space, which is a solution of a
master equation, is uniquely characterized by a hierarchy of generalized H
theorems—a generalization of our notions in Section 1.

Definition (generalized H theorems). We say that a trajectory
(0(1));>0 In P, satisfies the generalized H theorems if and only if for arbitrary
natural m, for arbitrary instants of time ¢, ..., 7, and all ¢ > 0,

St F 1 Bt + D) = D (a0 Pt 1))

< S B(1), - - - (L)
= 3 APt - Pilt))

for any function f in m variables (defined on R7), which is simultaneously
convex in the variables and homogeneous of degree 1.

This fact helps us to answer the following question: What is the
structure of the vector fields v the solutions of which fulfill these general-
ized H theorems, i.e., the solutions of which are simultaneously solutions of
(in general different!) master equations?
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The result is'® as follows:

There exists a map p— L(p) from P, into the n X n-stochastic genera-
tors with v(p) = L(p)p, p € P, and L(p) is a constant of motion, i.e.,
L;(p(0)) = L;(p(1)) Vi, j and for all > 0, when p(7) is a solution with
p(0) € P,.

Remark. It is possible to formulate a certain reverse result (see
Ref. 2).
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APPENDIX A. SOME DEFINITIONS

Definition A.1. A real n X n matrix A = (4,) will be called srochastic
iff () 4; > 0 for all 4, j, (ii) 3,4, =1 for all j.

i
Definition A.2. A real n X n matrix L = (L;) will be called stochastic
generator iff (i) L; > 0, Vi # j, (i) L; < 0 Vi, (i) 3,L; = 0 V.
We remark that a stochastic generator is the generator of a semigroup
of stochastic matrices.

Definition A.3. A system of ordinary differential equations in R” will
be called master equation, when it has the following structure:

(d/dtyp=Lp
where L is a stochastic generator. With a stochastic matrix 4 = (4;) a

master equation can be written (possibly only after absorbing a positive
muliplicative constant in 1):

(d/dtyp=Ap —p

This notion generalizes somewhat Pauli’s master equation.(?

REFERENCES

1. P. M. Alberti and B. Crell, Wiss. Z. Karl-Marx-Univ. Leipzig, Math.-Naturwiss. R. 30:539
(1981).

2. P. M. Alberti and B. Crell, Wiss. Z. Kari-Marx-Univ. Leipzig, Math.-Naturwiss. R. 30:563
(1981).



Nonlinear Evolution Equations and 4/ Theorems 149

. P. M. Alberti and A. Uhlmann, Marh. Nachr. 97:279 (1980).

. P. M. Alberti and A. Uhlmann, J. Marh. Phys. 22:2345 (1981).

. P. M. Alberti and A. Uhlmann, Dissipative Motion in State Spaces (Teubner, Leipzig,
1

el
oo

1).

L. Boltzmann, Wien. Ber. 66:275 (1872).

L. Boltzmann, Wien. Ber. 95:153 (1887).

. J. E. Broadwell, Phys. Fluids 7:1243 (1964).

. K. L. Chung, Markov Chains with Stationary Transition Probabilities (Springer, New York,

1960).

10. B. Crell and A. Uhlmann, Lert. Math. Phys. 3:463 (1979).

11. P. Hartmann, Ordinary Differential Equations (John Wiley & Sons, New York, 1964).

12. 1. G. Kemeny, 1. L. Snell, and A. W. Knapp, Denumerable Markov Chains (Van Nostrand,
New York, 1966).

13. W. Maas, Physica 89A:411 (1977).

14. W. Pauli, in Probleme der modernen Physik (Sommerfeld-Festschrift) (Teubner, Leipzig,
1928).

15. E. Ruch, R. Schranner, and T. Seligman, J. Math. Anal. Appl. 76:222 (1980).

16. E. C. G. Stuckelberg, Helv. Phys. Acta 25:577 (1952).

17. N. G. van Kampen, Stochastic Processes in Physics, Lecture Notes, University of Utrecht
(1970).

18. A. Wehrl and W. Yourgrau, Phys. Lerr. T2A:13 (1979).

19. K. Yosida, Proc. Imp. Acad. Tokyo 16:43 (1940) [quoted in K. Yosida, Functional Analysis
(Springer, New York, 1968)].

O 00 -1 &N



